FEASIBILITY TO DIAGNOSE INERTIAL NAVIGATION SYSTEMS THROUGH ANALYSIS OF SCHULER ERRORS
Introduction
On-board information about flight parameters is the crucial matter for any aircraft crew since such information is indispensable for pilots to navigate their planes and to control unmanned aerial vehicle (UAV). Accuracy (and associated errors) of determination of such physical parameters as angles of spatial orientation and coordinates of navigation positions essentially affect both safety of flights and the ability to successfully complete the assigned combat tasks [7] . Nowadays combat air crafts are typically furnished with navigation systems with electronic or optoelectronic sensors for angular velocity and linear acceleration, commonly RESEARCH WORKS OF AFIT Issue 33, pp. 173÷186, 2013 DOI 10.2478/afit-2013-0010 referred to as Attitude and Heading Reference Systems (AHRS) and Inertial Navigation Systems (INS) that are incorporated into so called integrated avionic systems combined with helmet-mounted cueing systems.
An example of such a system is the INS/GPS TOTEM-3000 central station (its EGI-3000 version) installed on-board of the upgraded model of the W-3PL GŁUSZEC helicopter (Fig. 1) . Fig. 1 . Picture of the W-3PL GŁUSZEC helicopter with visible components of the weapon system meant for collaboration with the helmet-mounted cueing system
The INS/GPS TOTEM-3000 central station ( Fig. 2 ) represents a system of inertial navigation that uses laser sensors of angular velocity of the RLG type ( In addition, the central station comprises a module for collaboration with the GPS system, which is used to update the aircraft position and to remedy errors calculated within the autonomous operation mode of the INS system [4] . Only recently another problem has appeared that is associated with errors of measurements and processing of information about the aircraft position in space. Namely, the issue is related to operation of aircrafts system with the prolonged overall or MTTR service life [6] . An example of such a system is the inertial system IKW-K for monitoring of heading and attitude installed on MiG-29 aircraft as well as IKW-1 and IKW-8 systems for Su-22 aircrafts (Fig. 4) . Below there is a picture of the KW-1 gyro platform (for the heading vertical) (Fig. 5) as well as the PNK-3M control panel (Fig. 6 ) which is currently used for diagnostics of the IKW-1 and IKW-8 heading and altitude systems for SU-22 aircrafts [6] . 
Theoretical fundamentals for diagnostics of the INS and AHRS systems
Mathematical equations that are used by the avionic INS and AHRS systems to compute current position of aircrafts are rather sophisticated. The general equation of motion for the inertial navigation system can be written in the following form [2] .
where: v(t) -vector of travel velocity of an aircraft, a(t) -linear acceleration vector (with its components) of an aircraft, measured in the adopted coordination system of platform (cardan or analytic one), ω(t) -angular rate vector (with its components) of an aircraft, measured in the adopted coordination system of platform (cardan or analytic one),
Ωz -angular rate vector of the Earth' rotation, gz -vector of gravitational acceleration produced by the gravitation force of the Earth
The analysis of waveforms for errors in determination of the aircraft speed and position committed by the inertial navigation system can be carried out for the horizontal channel of computations in the simplified manner according to the workflow reported in [2] (Fig. 7) . The foregoing workflow diagram drawn up for the inertial navigation system served as the basis for simulation computations in order to find out relationships that describe waveforms within the range of the calculated speed and navigation position. It was established that for flights shorter than 4 hours (under the assumption of constant systematic errors attributable to the angular rate sensor, i.e.
Δω= const and the linear acceleration sensors Δa = const, as well as constant errors of the positioning system down the directions of heading Δφ = const and azimuth Δψ = const) the time function for the overall error in determination of the navigation position Δs(t) can be expressed by means of the following relationship:
On the other hand, when flight duration exceeds 4 hours (which needs to take account for the effect of the angular speed of the Earth's rotation Ω z ) the time function for the overall error in determination of the navigation position Δs(t)
adopts the following form:
[ ]
However, for diagnostics of the INS system it is more convenient to analyze errors associated with incorrect determination of the aircraft speed. For flight duration below 4 hours (provided that the positioning errors are constant, i.e. Δω= const, Δa= const, Δφ= const and Δψ= const) the time function for the overall error in determination of the flight speed Δv(t) can be noted down as the relationship:
whereas for flights much longer than 4 hours (with consideration to the effect of the angular speed of the Earth's rotation Ω z ) the time function for the overall error in determination of the flight speed Δv(t) can be defined by the following equation:
As one can easily see, for short flights (below 4 hours) both the error in determination of the aircraft position (2) 
The diagnostic issues for real INS and AHRS system
The diagnostics of real INS and AHRS systems can be carried out on the basis of the relationships that define values of the absolute (inertial) speed with consideration to periodical nature of errors according to the formulas (4) or (5) . Thus, the analysis may consist in sequencing of the error values determined at selected moments of time, starting from the kickoff point when the preliminary orientation of the system (so called initialization) is completed and the system is switched over to the mode of navigational computations.
Examples of relationships that describe values of these errors are shown for selected moments within the period T S of the Schuler oscillations (equal to 84.4 minutes).
-for the time moment t= 1/8 T s of the INS system the error in speed determination amounts to:
-for the time moment t= 1/4 T s of the INS system the error in speed determination amounts to:
The foregoing relationships can be used to determine error values for sensors of linear acceleration and the systems for positioning in a horizontal plane (Δa + Δφ g z ) as well as error of sensors for angular values and the angles of positioning down the azimuth direction (Δω + Δψ Ω z ) in the following way:
-errors of accelerometers and inaccuracy of positioning:
-errors of angular speed sensor and inaccuracy of gyro indications:
The analysis of the (8) and (9) equations makes it possible to spot that there is in these formulas lack of separation of components that correspond to errors of sensors and the positioning systems along individual measurement axes XYZ of the coordinate system associated with main axes of the aircraft. Though, it is just the case that any real inertial navigation system determines these components in relation to three axes of measurements and transforms them to the NEV navigational horizontal coordinate system -the computed values of inertial speed and navigational position are defined within the so called geodetic frame (of the digital data bus MIL-1553B).
Investigations of the INS/GPS TOTEM-3000 system on the KPA-5 tiltable board (Fig. 8) confirmed that the error of absolute speed and navigational position depend on the 3D orientation of the INS module (Fig. 9) . In order to find out these components the team from the Avionics Department of the Air Force Institute of Technology (AFIT) developed a mathematical model of computations carried out within the non-cardanic inertial navigation system, where the model itself is based on the familiarity with the operation principle of the real INS/GPS system of the TOTEM-3000 type (Fig. 11 and Fig. 12) . The TOTEM-3000 uses signals of angular speed measured by the so called Ring Laser Gyroscopes (RLG) as well as signals of linear acceleration from Microelectro Mechanical (MEMS) silicon sensors. The signals are then transformed to the NEV horizontal navigation system by means of quaternion computationsthe quaternion of current rotation {Q} that subjects to on-line updating on the basis of angular rate values (measured by laser sensors).
The rotation quaternion {Q} used within the INS system is mapped onto the transformation matrix [M] that makes is possible to image, in a perceivable manner, how the signals received from the XYZ measuring system (associated with the aircraft major axes) are transformed to the NEV horizontal navigation system.
Transformation of components for the vector [ω] of angular rate from the measuring system into the navigation system is carried out within the non-cardanic inertial navigation system with the analytic platform, where the following relationship is applied:
Similarly, the equation below is used to transform components of the linear acceleration vector [a] from the measuring system to the navigation system within the non-cardanic system with an analytic platform:
The relationships that define coefficients of the transformation matrix [M] can be typically expressed in the form of a directional cosine matrix [1] : Under the foregoing simplifications the relationships that determine coefficients of the transformation matrix [M] can be expressed for selected N-S courses in the way as presented in Table 1 . Table 1 Simplified coefficients for the transformation matrix for the N-S courses
Matrix coefficients

Coefficient values for the course 0°
Coefficient values for the course 180°
Similarly, the relationships for coefficients of the transformation matrix [M] simplified in the foregoing manner can be expressed for selected E-W courses in the way as presented in Table 2 . Table 2 Simplified coefficients for the transformation matrix for the E-W courses
Matrix coefficients
Coefficient values for the course 90°
Coefficient values for the course 270°
In order to find out the relationships that would be applicable to ground-based practical tests of the inertial navigation system (for the angles of tilt and angles of roll very close to the horizontal position) the results of computer simulations were used carried out for the originally developed mathematical model of computations normally executed within the INS system.
The computer tool for diagnostics of INS and AHRS systems
Results of numerical simulations carried out within the Matlab-Simulink [5] software package made it possible to compile matrices that define how individual component errors of sensors and the INS positioning systems affect the values of computed components for the absolute speed and navigational position (the computations were completed for the angles of 3D orientation when an aircraft position is nearly horizontal, i.e. Θ≅ 0° and Φ≅ 0°).
The impact examples of such errors (in the form of the so called isolated errors) in the form of speed values calculated for selected moments of the Schuler period (with respect to the maximum value) are summarized in Table 3 . 
The values of errors for absolute (inertial) speed quoted in the table above are normalized to the maximum error (denoted as ΔV N for the N-S axis and ΔV E
for the E-W axis) caused by the selected isolated error (effect of individual error components for sensors and positioning systems) associated with the specific axis of measurements in the NEV coordinate system. The foregoing information served as the basis to find out the mathematical relationships capable of describing how individual errors of the INS system entail errors of computed components for the absolute speed and the navigational position. These relationships, determined in the foregoing manner, are used by the team from the Avionics Department of the Air Force Institute of Technology (AFIT) for inertial tests of the IKW-1 and IKW-8 heading and attitude systems (Fig. 13) within the programs of inspection and assessment of technical condition demonstrated by their components: accelerometers and mechanical systems as well as system for positioning according to the horizontal plane and the azimuth line. More accurate investigations of systems for 3D positioning and inertial navigation should employ really sophisticated test benches, more advanced than the ones that are used for regular maintenance of these systems, e.g. a multi-axis test bench [3] from Acutronic (Fig. 15) . Such test benches enable to set up motion parameters for mission profiles that are really close to actual positions of aircrafts during flights with various manoeuvres (when angular accelerations also exist).
Recapitulations and conclusions
Both very recent and more obsolete avionic system for 3D orientation and inertial navigation base on commonly known operation principles [1, 2] , thus their operability and accuracy can be analyzed with use of similar diagnostic methods (including checks of their technical condition as well as assessment of the wear and fatigue degree of their components).
The mathematical approach outlined in this study make it possible to assess operation quality of systems for horizontal control (reactive to signals from sensors of linear acceleration) and gyrocompassing systems (incorporating sensors of angular speed). Thus, it is possible to assess the wear degree of such systems and determine how it affects the level of own errors (with application of appropriate techniques self-developed by employees from the Avionics Department of the Air Force Institute of Technology (AFIT). The additional advantage of the presented approach is feasibility to find out how individual partial errors of sensors and positioning modules of the modeled system affect deviations of parameters that are computed by the system, i.e. the absolute (inertial) speed and the navigational position at selected time moments of the Schuler period.
However one has to be aware that the relationships determined in that way are merely approximations of real waveforms for these impacts (due to the simplified mathematical model for the INS system and unavailability of analytic solutions for the reverse task consisting in determination of sensor errors and the basis of errors for the computed speed and position). Hence, when the method outlined in this paper is to be used for other settings to an aircraft (its measurement module of the INS system) different from the ones that are considered in this paper, it is first necessary to carry out additional simulation tests in order to verify the obtained measurements and test results [8, 9] .
